
Notes from the Margin

Vo
lu

m
e 

V
II

I •
 20

14

 
Jason Siefken

I was drawn into math by 
infinity. The boundless 
possibilities and the counter
intuitive claims keep me 
struggling for deeper meaning 
and an answer to the question: 
“does a representation of 
infinity truly exist in the 
physical universe?”

The Gas Station Problem1

by Jason Siefken (University of Victoria)

Herbert awoke in a cold sweat, the visions from his dream still lingering. 
A former oil executive, Herbert craved optimization and zerowaste. 

What had him flustered was the following scenario: 
Suppose there is a circular race track with n gas 
stations arbitrarily positioned along the track. 
Further, amongst the gas stations is distributed exactly 
enough gas for a DeLorean (Herbert’s favorite car) to 
make a complete loop around the track.

The question seemed natural:

Given full knowledge of the position of each gas 
station and the amount of gas in each gas station, can 
Herbert identify a gas station where he could start 
his empty DeLorean so that if he filled up there and 
at every gas station along the way, he could make a 
complete loop?

Herbert’s sense of balance and justice had him 
convinced that the answer must be yes. But how does 
one prove such a thing? Sitting down with a pencil 
and paper, Herbert started proving cases. For one 
station, the solution was obvious. Two stations took 
slightly more ingenuity.

Theorem 1. For n = 2, the gas station problem 
is solvable.

Proof. For ease, call the gas stations S1 and S2. If S1 
has enough gas to make it to S2, then starting at S1 
you can pick up all the gas and so make it completely 
around. Suppose S1 has insufficient gas. Since there 
is enough gas to make it all the way around in S1 & 
S2, this means S2 must have more than enough gas 
to make it to S1. Therefore, starting at S2 will suffice.

Herbert continued trying to prove cases, finding 
success for n = 3, but n = 4 started pushing the 
limits of what he could visualize. What he needed was 
a mathematical insight—one that would allow him to 
move from case to case with ease. It was then that he 
recalled his favorite mathematical proof technique: 
induction!

Induction was introduced to Herbert by a math 
professor during his oil executive training as a last
ditch effort to lure him away from the lucrative oil 
business. It didn’t succeed, but nonetheless had a 
lasting impact. To assist him in the inductive step, 
Herbert came up with the following lemma.

Lemma 2. In the gas station problem, there is always 
at least one gas station with enough gas to make it to 
the next gas station.

[1]  The Gas Station Problem has been around since at least the 70s and has made a recent appearance in Peter Winkler’s book 
Mathematical Puzzles: A Connoisseur’s Collection, 2004.



 

Preamble
by Kseniya Garaschuk (University to British Columbia)

I was so nervous that I could hear my own accent. I told myself two things: “there is nothing they can ask you 
that you cannot answer” and “this will be over in an hour”. And by the end of the 50minute class I knew that 
I wanted to do it again. 
As academics, we constantly perform in front of an audience whether it is a class full of students or a conference 
room full of researchers, more often in the former setting. I say ‘perform’ because you try to make it more 
than just a lecture  you want to engage the audience, keep them interested and motivated. When it comes to 
teaching, here is something even more intimidating: in a first year calculus course, chances are the students 
dislike you before you ever come into the classroom. After all, you are going to teach them math! So you won’t 
be building from the ground up: you will first be digging yourself out of the hole that your students’ previous 
math experience has dug out for you, both background and attitudewise.  
And you get worried: what if your explanations are not good enough, what if students find your examples 
boring or trivial or impossible, what if the other section’s instructor is more entertaining? What if you get 
blackboard (“stage”) fright? We face fears in research too: what if your results are wrong, what if you discover 
last minute that someone has done this before, what if your article submission gets rejected?  
In this issue, we deal with some scary notions. We get to approach a seemingly impossible problem and solve 
it using induction, we tame infinity with counting, we break a postulate to discover a whole new universe. 
We also get to play mathematical minesweeper but not worry about being blown up.  
Someone famous once said that in research if you know what you are doing, you are doing it wrong, which 
means that you are always on the verge of your understanding and that can be petrifying. Practice facing 
your fears on the pages of the Margin by submitting your articles to the editor at studenteditor@cms.math.
ca. And remember  nothing to fear but fear itself. 
Some images in this issues are courtesy of Wikimedia Commons. The cover image is due to Shinichi Sugiyama.

 
Editor  
Kseniya Garaschuk

My biggest pet peeve is 
people not punctuating 
math. Mathematics is a 
language and should be 
respectfully treated as one. 

Other Contributors

Léo Belzile 
McGill University

Proof. Suppose that every gas station had insufficient 
gas to make it to the next station. Then, the total 
distance that one could travel with all the gas of all 
the stations wouldn’t be the full length of the track. But 
this contradicts the fact that there is exactly enough 
gas to make it all the way around the track. Therefore, 
at least one gas station has enough gas to make it to 
the next one.

Armed with this insight, Herbert saw a way to 
attack the problem, and after carefully visualizing 
and checking over his work, he came up with the 
following rocksolid argument. So rocksolid in fact 
that he now labeled his previous intuition a theorem.

Theorem 3. The gas station problem can always be 
solved.

Proof. The proof proceeds by induction. First, observe 
that the gas station problem is solvable for n = 1 
station. Next, assume that the gas station problem 
can be solved for n = k stations and consider the case 
n = k + 1 stations.

Using the lemma, we know that for n = k + 1 
stations, there is at least one gas station from which 
you can make it to the next station. Pick one such 
station and call it Si, and call the next station Si+1. 

Now, if a DeLorean ever makes it to gas station Si, 
it is guaranteed to get all the gas from stations Si & 
Si+1. Therefore, this setup of n = k + 1 gas stations 
is equivalent to the setup of n = k gas stations where 
all the gas from stationSi+1 is moved into station Si 
and station Si+1 is deleted. Since n = k gas stations 
was assumed to always be solvable, the original setup 
of n = k + 1 stations must be solvable!

By mathematical induction, we have now shown the 
gas station problem is solvable for any n  1.

Herbert was completely convinced, but a thought still 
lingered. He hadn’t even talked about which direction 
the DeLorean was traveling. Going through line by 
line and rechecking his lemma, he concluded indeed, 
even though the starting gas station may be different 
depending on the direction of travel, his proof worked 
for both directions at once! The satisfaction Herbert 
gained from creating this proof left him happier than 
all the millions he had earned as an oil executive. 
Finally content, Herbert lay his head on his desk and 
returned to sleep.

Acknowledgements. I would like to thank Terry Soo 
for introducing me to the gas station problem.
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“Ianus!”  he called. “Come here!”
The young Cimmerian slave got up from his stool 
in the gateway, and stepped into the sunlight of the 
courtyard. “Master?”
Eukleides had purchased Ianus four years ago from 
Cassius, a smoothtalking Roman reprobate with an 
everreplenished stable of handsome young men. Was 
the young man really named for the Roman god of 
doorways? But Eukleides had never had cause to regret 
his purchase. He had fallen into a comfortable habit of 
using his new doorman as a sounding board, as some 
men talk to their dogs, explaining the propositions and 
proofs to him as he sketched in the sand.  At first the 
young man stood silently; but after a while he began 
to ask questions – why does this line go here? why are 
these areas equal? Sometimes, now, it seemed as if the 
slave knew the Elements as well as he did himself.  
“Take these to Atys the scribe. Tell him I need three 
copies on papyrus.” 
 “You’ve finished your book? Praise the Gods!”
“It’s as finished as it’s going to be.” Eukleides’ voice 
was flat.
Ianus wrapped the stack of tablets carefully and silently. 
Finally, he spoke. “Did you prove the parallel postulate?” 
Eukleides said nothing.
The problem was infuriating. The first twentyeight 
propositions of the first book could be proved without 
the parallel postulate; there he had carefully avoided it.  
But the remaining ones were like a phalanx of hoplites, 
each defending itself and its comrades equally. If he 

could prove any one of them without using 
the fifth postulate, then each of the 

others, would follow. But that first 
stroke still eluded him. 

If the postulate were false, 
you might draw as many 

different parallels to a line 
through a single point 
as you chose – but that 
was not a contradiction. 
His head ached from 
imagining a world 
where lines bent 
apart like unfriendly 

snakes, while planes curved like saddles or shrank 
into discs. The more he learned, the less it resembled 
the pure reality of which, Plato taught, this world was 
a shadow. But however bizarre it became, he could 
never catch this slippery false geometry in the flat 
contradiction that would allow him to convict it and 
banish it from the gleaming polis of geometry. 
It was time to call the Elements finished and move 
on to other things. Maybe he could open a school of 
geometry, and pass his knowledge on to the youth 
of Alexandria. 
When Eukleides finally spoke, he did so with the 
composure proper for a philosopher.  “No, lad. I 
cannot prove it from the other postulates. It will have 
to remain among them.”
 The slave shouldered the heavy bundle. “I am sorry, 
Master,” he said softly. 
“Don’t be. The muse has granted me much; it would 
be impious to demand all. One day, somebody will 
see farther than I have. Perhaps, if Pythagoras was 
right, in some future life you might answer the riddle 
yourself. Now, don’t let me talk any more. Get those 
tablets over to the scribe. But first…”  He beckoned.         
Ianus presented his cheek for an affectionate kiss, then 
shouldered the precious burden and walked out into 
the noise and bustle of the Alexandrian street.  
Vienna, 1823 AD
It was late at night, and the candle was burning low. 
Young Janós Bolyai read through his manuscript one 
more time, with a shiver due more to excitement than to 
the chill of the garret, gradually letting himself believe. 
Everything meshed, everything rang true. His new 
“hyperbolic geometry” was every bit as consistent 
as the geometry of Euclid. The strange sharp
angled polygons, the circles that expanded at the 
perimeter like monstrous lichens as their radii grew, 
were as possible as squares and triangles in the all
encompassing mind of God. He took up his pen, 
and began a triumphant letter to his father back in 
Kolozsvár:
“I have made such wonderful discoveries that I am 
myself lost in astonishment. Out of nothing I have 
created a strange new universe...”

The Fifth Postulate
by Robert Dawson  (Saint Mary’s University)

Alexandria, 280 BC.
It was the first book of his masterpiece, yet it would be the last into the hands 
of the scribe. Eukleides sighed, and slipped the beeswaxdipped tablet back 
into the stack.  

Robert Dawson

I don’t have many math 
fears. There are things I 
probably can’t do,  but I love 
the excitement of trying.  
There are things I don’t 
enjoy,  but that’s true of any 
activity, and I don’t have to 
do many of them.  Unsolved 
problems don’t bite!
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Note au sujet de la cardinalité de l’espace 
des fonctions continues à valeurs réelles
by Frédéric Morneau-Guérin (University of Cambridge) 

Combien existeil de fonction continues sur ; quelle est la cardinalité de 
l’espace ? Voilà la question à laquelle nous entendons répondre.

Il n’est certes pas difficile de trouver une minoration : 
toute fonction constante étant continue, il existe au 
moins autant de fonction f 2 C(R) qu’il existe de 
nombres réels. En revanche, montrer qu’il existe 
exactement autant de fonctions continues sur R que 
de nombres réels n’est pas aussi facilement déductible. 
Nous en exposerons une démonstration élémentaire à 
la lumière de la théorie des nombres cardinaux.

Étant donné un ensemble A contenant un nombre 
fini éléments, disons n éléments, imaginons que 
nous voulons extraire un sousensemble. Alors, 
pour chaque élément a de A, deux choix s’offrent à 
nous : inclure l’élément a, ou ne pas l’inclure. Ainsi, 
2n sousensembles de A distincts peuvent être 
construits. La théorie des nombres cardinaux permet 
d’étendre avantageusement cette observation aux cas 
d’ensembles infinis. Pour cela, il nous faut introduire 
un peu de notations : pour tout ensembles A et B, 
l’ensemble des fonctions f : A ! B est noté par BA.

En associant à chaque élément de l’ensemble 
des parties de A  noté par  sa fonction 
caractéristique, on obtient une correspondance 
biunivoque entre 2A et . En d’autres termes, 
l’ensemble des fonctions indicatrices sur A est 
essentiellement la même chose que l’ensemble des 
parties de A. Cette notation, qui comme nous le 
verrons a l’avantage s’harmoniser avec la théorie des 
nombres cardinaux, met en lumière la raison pour 
laquelle l’ensemble des parties de A est aussi appelé 
l’ensemble puissance de A.

On peut définir des opérations arithmétiques sur 
les nombres cardinaux de généraliser celles sur les 
nombres naturels. étant donné des ensembles A et B, 
on définit :

card(A) + card(B) := card (A [B)

card(A) · card(B) := card (A⇥B)

card(B)card(A) := card
(
BA

)
.

On vérifie sans difficulté que pour tous nombres 
cardinaux m, n, p et q, l’exponentiation cardinale 
satisfait les identités suivantes :

1) mp+q = mpmq;

2) (mn)p = mpnp;

3)  mpq = (mp)q.

Le célèbre théorème de Cantor (1891) énonce que la 
cardinalité d’un ensemble A est toujours strictement 
inférieure à l’ensemble de ses parties ; en d’autres 
termes, il n’existe pas d’injection de  dans A. 
En particulier, la cardinalité de l’ensembles des 
nombres naturels N est strictement inférieure à celle 
de son ensemble des parties . En adoptant 
la terminologie et la notation introduite par Georg 
Cantor, nous dirons que la cardinalité du dénombrable 
@0 (lire aleph-zéro) est strictement inférieure à la 
cardinalité du continu 2@0, où de façon concise :

@0 < 2@0

Nous avons désormais en main tous les outils 
nécessaires pour montrer que la cardinalité de l’espace 
C(R) est 2@0. Remarquons que pour déterminer une 
fonction continue sur R de façon unique, il suffit de 
connaître la valeur de f(x) pour tout x 2 Q; la valeur 
de f(x) en x 2 R\Q s’obtient par continuité.

Identifier la cardinalité de l’espace C(R) se résume 
donc à trouver combien il existe de fonctions de 
Q dans R. Or, il s’agit là d’une simple question 
d’arithmétique cardinale :

card
(
RQ) = card (R)card(Q)

=
(
2@0

)@0
= 2@0·@0 = 2@0 .

Références

[1]  Halmos, Paul R. (1997). Introduction à la théorie des 
ensembles}. Springer.

[2]  Sierpi ’nski, Wac’law. Cardinal and Ordinal Numbers. 
Warszawa: Panstwowe Wydawnictwo Naukowe, 1965.

[3]  Cantor, Georg. (1891). Über eine elementare Frage 
zur Mannigfaltigkeitslehre Jahresbericht der 
Deutschen Mathematker-Vereinigung, 1, 7578.

 
Frédéric Morneau-Guérin

En mathématiques, nous 
sommes riches de nos 
misères car ce sont elles 
qui nous permettent 
de progresser.
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Tim Small

I am a pianist, music 
producer, snowboarder, 
and a student of physics 
and math, who happens 
to be half Japanese. What 
do these things have in 
common? Everything.

For this model, a sample coaster track made of 
a linked piecewise function is reproduced and 
animated. Since the position of the coaster cart can 
be expressed easily in cartesian horizontal and vertical 
coordinates, x and y respectively, the track function 
can be parameterized as follows:

From this function, the equations of motion of the 
coaster cart can be derived using the Lagrangian 
formulation coupled with the EulerLagrange 
Equations. This is accomplished by representing 
the coordinates as a function of time in the form 
of a vector. The kinetic and potential energies are 
then extracted using standard physical formulae. 
One example will be shown for the first piecewise 
segment; the rest of the functions follow logically.
Let the vector 

x̂ = hx, 2 cos(2x)i,

represent the position of the cart. It follows that the 
kinetic energy is simply

K =
1

2
mv2 =

1

2
m

✓
dx̂

dt

◆2

=
1

2
m(1 + 16 sin2(2x)(ẋ2)).

The potential energy is 

P = 2mg cos(2x).

Therefore, we can write down the Lagrangian 
formulation which is as follows:

Now the EulerLagrange equations can be used to find 
the equations of motion of the cart. These equations are:

leading to the following:

From here, the acceleration can be isolated to get a 
second order differential equation (DE). 

ẍ =
4 sin(4x)ẋ2 + g sin(2x)

4 sin2(2x)
.

We now use DE modelling program XPPAUT to 
simulates the cart’s trajectory along its track. The 
complete second order DE as inputted into the 
program is as follows:

ẍ =
d

2
x

dt

2 =
4 sin(4x)ẋ2 + g sin(2x)

4 sin2(2x)

(u(x) u(x ⇡

2
)) + 0(u(x ⇡

2
) u(x pi))

+
4 sin(8x)ẋ2  g sin(4x)

2 sin2(4x)
(u(x ⇡) u(x 11⇡

8
))

+2g(u(x 5) u(x 9)),

where the function u(x n), is the Heaviside step 
function, used to link the piecewise function into one 
string in the program. 
After inputting this into XXPAUT, we have entered 
and, in some cases, drastically adjusted some 
parameters (see upward slope portion of the track) to 
replicate more realistically the movement of a roller 
coaster cart on its track. Then, using an animation 
code consisting of the coaster’s position as a vector, as 
well as the function parameterized shapes to construct 
the image, the whole system was finally simulated. 
The cloud movement as well as the vertical motion of 
the green elevator taking the next cart to the top of the 
coaster track were both modelled using absolute value 
sine functions with differing coefficients. A frozen 
frame in the animation is pictured below, and a link 
to the full gif can be found in the references section.

 
References

[1]  Ermentrout, Bard. Simulating, Analyzing, and 
Animating Dynamical Systems: A Guide to XPPAUT 
for Researchers and Students}. Philadelphia: Society 
for Industrial and Applied Mathematics, 2002. Print.

[2]  Morin, David J. “The Lagrangian Method.” (n.d.): n. 
pag. www.people.fas.harvard.edu. Harvard University. 
Web. 28 July 2014.

[3]  Small, Timothy. “Lagrangian Rollercoaster.” http://
makeagif.com/i/XPQpIR. University of British Columbia.

The Mathematical Physics of Roller Coasters
by Tim Small  (University of British Columbia)

It may seem that a compound machine as massive and complicated as a 
Roller Coaster would be nearly impossible to analyze, but mathematical 
models based on classical physics hold great ability to show the dynamics of 
movement on a macroscopic scale.
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This article describes an algorithm for 
demonstrating the countable infinity of the 
rational numbers, and how you might flawlessly 
list every single rational number without repeats 
(assuming you have an infinite amount of time 
on your hands!).}

The countable infinity of the rational numbers 
is usually demonstrated using the following 
listing style:

N = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 · · · 

Q =
1

1
,
1

2
,
2

1
,
2

2
,
1

3
,
3

1
,
2

3
,
3

2
,
3

3
,
1

4
,
4

1
,
2

4
,
4

2
,
3

4
,
4

3
· · ·

This is sufficient to demonstrate that the rationals 
are indeed countable, but produces many repeats 
in the form of unreduced fractions. In 2008, 
Neil Calkin and Herbert S. Wilf produced 
an algorithm for counting the rationals that 
far surpassed this clumsy listing. Their 
method guarantees no repetitions while also 
ensuring that every rational number is listed. 
The algorithm described by Calkin and Wilf is 
best visualized as an everexpanding tree with 
recursively defined elements.

The tree abides by two simple rules:

1.  The root of the tree is 1
1
.

2.  The left handchild has a parent’s numerator, 
and a denominator that is the sum of the 
parent’s numerator and denominator. The right 
hand child has the parent’s denominator and 
a numerator that is the the sum of the parent’s 
numerator and denominator.

From Figure 1, this construction looks promising, 
but. Imagine we found a fraction that occurs 
twice, then its parent must have occurred twice. 
We can keep tracing this back until it turns out we 
have two trees. Similarly, if we imagine a fraction 
that is not on the tree, then its parent must not be 
on the tree, and so on until we have no tree at all. 
With these two simple contradictions, the tree 
guarantees us all the fractions.

Now, another question arises: can we generalize 
this recursive visual relationship to a function? 
Let’s start with the question of a function. 
The ordering of our list so far stands as:

Q =
1

1
,
1

2
,
2

1
,
1

3
,
3

2
,
2

3
,
3

1
,
1

4
,
4

3
· · ·

We would like our function to provide us with 
the nth fraction of the form f(n)

f(n+ 1). The function 
must satisfy both rules described. Satisfying the 
first rule is likely quite simple: the 0th term must 
be 1. However, the second rule is a little more 
tricky. The rows are growing by a factor of 2 for 

Rationalizing Infinity
by Emily Tyhurst (University of British Columbia)

From a reasonably young age we become casually familiar with the 
concepts of fractions and infinity. Given that there are many fractions 
between each integer (indeed, the fractions are a dense set), our 
intuition tells us that there ought to be more rational numbers than 
natural numbers. 

 
Emily Tyhurst

I fear not questions in 
mathematics, but a lack 
thereof. I fear not answers 
in mathematics, but an 
answer. I love the idea of 
multiple, equally beautiful 
ways to approach problems.

Figure 1 : A CalkinWilf tree, 
up to the 6th term.

The CMS Student Committee is looking for proactive mathematics students interested in joining the Committee 
in the role of Notes from the Margin editor. If you are interested, or know someone who may be, please visit 
our website http://studc.math.ca for more information and an application form. If you have any questions, 
please contact us at chair-studc@cms.math.ca.

Le comité étudiant de la SMC est à la recherche d’étudiants en mathématiques, dynamiques et intéressés à joindre 
le comité au poste d’éditeur de la revue Notes from the Margin. Si vous êtes intéressé, ou connaissez quelqu’un 
qui pourrait l’être, veuillez consulter notre site web http://studc.math.ca afin d’obtenir plus d’informations et 
le formulaire d’application. Si vous avez des questions, veuillez nous écrire à chair-studc@cms.math.ca.

“ …does it guarantee that all 
fractions will occur once and 
only once? The trick lies in 
the recursive relationship… “
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each new row. Then the position of the lefthand 
child’s numerator of parent n must be position 
2n+ 1 (2n for the row shift, and 1 for the parent’s 
denominator). To abide by the parent rule we 
must have that f(2n+ 1) = f(n). Similarly, we 
must have that f(2n+ 2) = f(n) + f(n+ 1)  
(such that the denominators match the rule). 

We propose that the number of hyperbinary 
expansions of n is the function that will 
accurately describe Calkin and Wilk’s tree. 
A hyperbinary expansion of a number is similar 
to a binary expansion, except that each power of 
2 can be used at most twice. As a result, numbers 
can have more than one hyperbinary expansion, 
and this amount b(n) can describe the Calkin
Wilf tree. 

The first criteria is satisfied immediately: b(0) = 1 
by definition (conveniently!) and b(1) = 1 [2]. We 
will compare a typical series expansion to verify 
the other criteria. Consider expansions of n and 
2n+ 1:

n = a02
0 + a12

1 + a22
2 + a32

3 · · ·

2n+ 1 = a02
0 + a12

1 + a22
2 + a32

3 · · ·

The first term a0 must be 1, as 2n+ 1 is odd so 
its hyperbinary expansion must be odd. So we 
may subtract a 1 from both sides and divide by 
2 to end up with:

n = a12
0 + a22

1 + a32
2 · · ·

We now note that this is the identical form of 
the n hyperbinary expansion. The algebra for 
b(2n+ 2) = b(n+ 1) is similar and is left as an 
exercise to the reader. We have now successfully 
constructed a function for listing the nth 
rational number!

If the elegance of this listing function is not 
enough to convince you of its merit, CalkinWilf’s 
result has found applications in abstract algebra 
(arithmetic constructions and hidden functions 
[2]), graph theory (Tower of Hanoi problems [3]) 
and in number theory (as an expansion of Stern 
sequences [4]). It’s a method you can count on!
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McMaster University is hosting the 2014 CMS Winter Meeting, 
December 5th-8th. Studc is planning a number of exciting student 
events to be held during the meeting, including a poster session, 
a student workshop and and a social. Check the meeting website 
http://cms.math.ca/Events/winter14/ for the most upto
date information.

L’Université McMaster est l’hôte de la Réunion d’hiver SMC 2014 
qui aura lieu du 5 au 8 décembre. Studc prépare actuellement 
plusieurs activités excitantes destinées aux étudiants qui prendront 
part à la réunion: il y aura une session de présentation par affiches, des 
ateliers ainsi qu’une activité sociale. Consultez le site web de la réunion,  
http://cms.math.ca/Reunions/hiver14/, pour obtenir l’information 
la plus récente.

We invite you to participate in the next poster session that will be 
held at the 2014 CMS Winter Meeting in Hamilton, December 
5th-8th. You will have a chance to present your poster and even 
compete for prizes! As a further incentive, CMS now offers a lower 
registration fee for poster session participants. More information 
about participating will be posted on our website (studc.math.ca) 
and our Facebook page (CMS Studc) in the coming months.

Nous vous invitons à participer à la prochaine compétition qui aura 
lieu lors de la Réunion d’hiver SMC 2014 à Hamilton, du 6 au 
9 decembre. Vous aurez l’opportunité de présenter votre affiche 
et même la possibilité de remporter des prix! De surcroît, la SMC 
offre maintenant une réduction sur les frais d’inscription pour les 
participants de la session de présentation par affiches. D’autres 
informations sur l’événement seront mises en ligne sur notre site 
web (studc.math.ca) et sur notre page Facebook (CMS Studc) dans 
les mois à venir.



Line Element
Recall a solid sphere parametrized using spherical 
coordinates:

−!r = (r sinφ cos ✓, r sinφ sin ✓, r cosφ),

where r 2 [0,1), ✓ 2 [0, 2⇡)  and φ 2 [0,⇡]. 
Also recall that the magnitude of an infinitesimal 
line element in Cartesian coordinate is found by 
Pythagoras’ formula:

d−!x · d−!x = dx2 + dy2 + dz2.

Unfortunately, the “sum of squares” law cannot be 
directly applied in our spherical coordinates system, 
so we need to introduce the metric tensor g that 
originally gave rise to the dot product. That is:

d−!x · d−!x = g(d−!x , d−!x ) = gi0j0dx
i0dxj0

= dr2 + r2(sinφ)2d✓2 + r2dφ2,

where gi0j0 = diag(1, r2(sin)2, r2).$ Here, i0 and 
j0 take the values of 1, 2 and 3, representing r, ✓ and 
, respectively. Therefore, in Cartesian coordinates, 
we have gij = diag(+1,+1,+1). Generally, for any 
coordinates, we have 

ds2 = d−!x · d−!x = g(d−!x , d−!x ) = gi0j0dx
i0dxj0 . 

Once we understand the importance of the metric 
tensor g in getting the magnitude of the line element,  
we are able to proceed to that of the spacetime. 
Spacetime (the set of all events) is a fourdimensional

manifold with a metric and every point in this 
manifold representing an event is denoted by 

−!x = (c · x0, x1, x2, x3) = (c · t, x, y, z),

where c represents the speed of light. Taking it to 
be 1 for convenience, we get −!x = (t, x, y, z). Now, 
suppose a particle made an infinitesimal displacement, 
represented by a vector or the line element in 
the spacetime manifold: d−!x = (dt, dx, dy, dz) . 
Then Einstein’s Special Relativity tells us that the 
speed of light is invariant in any observers’s reference 
frame which enables us to calculate line element’s 
length in the flat spacetime: 

ds2 = dx2 + dy2 + dz2  c · dt2

= dt2 + dx2 + dy2 + dz2.

Therefore, the components of metric tensor in the flat 
spacetime of Special Relativity are represented by 
g↵β = ⌘↵β = diag(1,+1,+1,+1) , where ⌘↵β is 
the Minkowski metric and the indexes ↵,β take values 
0, 1, 2, and 3 representing t, x, y and z. This tells us 
the properties of Inertial frames where all clocks run 
at the same rate respective to the origin. However, the 
gravitational redshift, a photon climbing in the Earth’s 
gravitational field losing energy and therefore being 
redshifted, implies that time itself runs at different 
rates at different altitude. This breaks our hope for the 
existence of a globally Inertial frame whose metric is 
⌘↵β since the metric will no longer be constant!

From a sphere in  to the  
curved 4-manifold of spacetime
by Yifan Li (University of British Columbia)

In this article, we will demonstrate that the geometrical properties of a sphere 
in  are powerful enough to help us understand the properties of a curved 
spacetime 4mainifold which enables us to see that gravity is nothing but the 
manifestation of its intrinsic curvature.

 
Yifan Li

Carrying on Einstein’s 
legacy to explore the 
ultimate laws of physics, 
expressed in the beautiful 
and subtle language of 
mathematics is my lifetime 
passion and pursuit.

In early June the University of British Columbia 
welcomed participants of the 11th annual PIMS Young 
Researchers Conference (PIMS YRC). In order to support 
graduate students, postdocs, and senior undergrads in 
the early stage of their careers, distinguished scholars 
presented the cutting edge research results in various 
areas of Mathematics and Statistics. In addition, young 
researchers were given opportunity to present their 

results to their peers. Furthermore, the PIMS YRC also 
featured plenary talk on nonacademic job market, 
presentational skills workshop, programming on 
Python workshop, and panel discussion on gender 
and diversity. And, finally, participants enjoyed BBQ 
on the beach and allyoucaneat Indian restaurant. 
Very rewarding and enjoyable event! Looking forward 
to see you in the next PIMS YRC!

Summary of 11th PIMS Young Researchers Conference
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Local flatness
The surface of a sphere is locally flat, so at a given 
point P  on the sphere we can construct a locally flat 
orthonormal (Cartesian) coordinate system. Moreover, 
in a finite neighbourhod of P  we have gij = ij , 
where ij is the Kronecker delta whose value is 1 
when i = j and 0 otherwise. Similarly, the existence 
of the nonuniform gravitational field only allows us 
to construct a locally Inertial reference frame with ⌘↵β, 
an infinitesimal freely falling frame in which gravity 
is locally “switched off” so that at a particular point 
P  of spacetime we have:

• g↵β(P ) = ⌘↵β for all ↵,β;

• g↵β(P ),  = 0 for all  ↵,β, γ where the “comma” 
notation denotes the partial derivatives of the 
metric at P  with respective to x. 

However, mathematically, we can show that 
g↵β(P ), µ 6= 0  for some values of the indexes 
and this clearly indicates our spacetime is a curved 
4manifold. Moreover, Riemann Curvature tensor 
tells us that in fact the second derivatives of the metric 
tensor determine the curvature of spacetime.

Parallel transport and the geodesics
Suppose we are drawing vectors as parallel to the 
previous one as possible around a triangle on the 
surface of a sphere: 

As shown in the diagram on he right, the vector field 
rotates 90 degrees in this process! This process is 
called paralleltransport. If we paralleltransport the 
tangent vector starting from any given point, we will 
get a special curve  the geodesic: a curve of minimal 
length between any two points on the manifold. It 
is defined by rU

−!
U = 0 , where rU  denotes the 

covariant derivative of tangent vector 
−!
U  along itself. 

Following our understanding of the curved 4manifold 
of spacetime, the tangent vector essentially is the four 
velocity vector of a freely falling particle: −!U ⌘ d−!x

d−!⌧
, 

where ⌧  is the proper time along which the geodesic is 
parametrized. As a result, we can see the phenomenon 
that a particle is freely falling under the effect of gravity 
is the particle is simply following its natural geodesic on a 
curved manifold of spacetime! Consequently, you know 
that your “weight” is due to the force exerted by the ground 
preventing your body from falling freely on a geodesic.

Special thanks for professor Philip D. Loewen and 
professor Radhika Ganapathy of UBC Math Department
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The XVIIe Colloque panquébécois des étudiants de l’Institut des 
sciences mathématiques (ISM) took place from May 16th to May 18th 
2014 at Université Laval. More than fourty students in mathematics, 
statistic and physic gathered in Québec city to exchange on different 
scientific subjects. They came from eight universities of the province 
of Québec. We also had the chance to present five keynote speakers 
from the province of Québec, United States and France. Everybody 
agreed on the exceptional quality of their talks. The students were 
also part of the success of the weekend. They gave around 20 talks 
that made the colloquium even more interesting and diversified. This 
part of the weekend was particularly important for us. We consider 
that communication and popularization are at the heart of the 

formation of a good scientist. That’s why we were proud to contribute 
to the improvement of these abilities during this event.

In addition, the colloque panquébécois des étudiants de l’ISM gives the 
opportunity to students of the province of Québec to meet, to discuss and 
to exchange on their researches during a wine and cheese. It took place 
on Friday night and we can affirm without hesitation that everybody 
really had a great time. We had especially good comments about the four 
services of local cheese and the wines chosen by a specialist. The presence 
of some keynote speakers also gave the chance to the participants to talk 
with them about their researches and to expand their contact network.

Summary of the XVIIth Colloque panquébécois des étudiants de 
l’Institut des sciences mathématiques

Thanks in part to funding provided by Studc, the 7th annual Ottawa Mathematics Conference (OMC), held at the University of Ottawa 
from June 67, 2014, was a great success. This year, we welcomed over forty graduate students from universities throughout Canada who 
presented their original research in mathematics, ranging from the pure to the applied.

Professors Kelly Burkett and Alistair Savage of the University of Ottawa gave excellent keynote talks, and at the end of the first day, everyone 
gathered at MacLaren’s Bar and Grill for beer and billiards. Stay tuned for the 8th annual OMC! All interested graduate students, postdocs, 
and undergraduates in mathematics are welcome.
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For over three and a half centuries, Pierre de Fermat’s 
Last Theorem (FTL) dictated the minds of those 
who wished to prove its validity. While reading 
Diophantus’s book, Arithmetica, Fermat famously 
noted in the margin:

“Cubum autem in duos cubos, aut quadratoquadratum 
in duos quadratoquadratos, et generaliter nullam 
in infinitum ultra quadratum potestatem in 
duos eiusdem nominis fas est dividere cuius rei 
demonstrationem mirabilem sane detexi. Hanc 
marginis exiguitas non caperet.”

Translated into English, it reads:

“It is impossible to separate a cube into two cubes, 
or a biquadrate into two biquadrates, or in general 
any power higher than the second into powers of like 
degree; I have discovered a truly marvelous proof, 
which this margin is too small to contain.” [1]

To start off with, recall the Pythagorean equation 
c2 = a2 + b2  relating the lengths of the sides a, b 
and c of a right angle triangle. We are interested in 
positive integer solutions (a, b, c) to this equation, 
called Pythagorean Triples [2]: for example (3, 4, 5)
and (5, 12, 13). FLT is quite similar as it states that 
there does not exist a positive integer solution to the 
equation cn = an + bn, where n is an integer greater 
than 2. In other words, cn 6= an + bn 8a, b, c, n where 
a, b, c, n are positive integers and  n > 2. 

Looking at examining FLT from a computing aspect, 
an algorithm needs to test all possible values for a, 
b, and c for a specific dimension n. In order to terminate, 
the algorithm also needs to have a final testing value 
for each of a and b. However, the farther the algorithm 
goes the better the chances are of making a discovery. 
As such, a computer algorithm cannot be used to 
test FLT, it can only be used to disprove it. The proof 
derived by Andrew Wiles is far too complex for Fermat 
to know without the mathematical advancements of 
centuries after Fermat’s death [3]. Before the proof was 
known to exist, with the slightest hope of discovering 
an error in Fermat’s conjecture, one could consider 

implementing the principal steps of the FLT algorithm 
in pseudocode as follows:

INPUT aStart, bStart, aUntil, bUntil, n
a = aStart, b = bStart

WHILE a < aUntil:
 c = (an + b2)1/n

 IF c == int(c) THEN:
  FTL = FALSE
  EXIT
 ELSEIF b < bUntil:
  b = b+ 1

 IF b == bUntil:
 b = bStart

  a = a+ 1

 IF a == aUntil:
  FLT = TRUE
  EXIT
END

Note here that if FLT is TRUE, it does not prove FLT 
is indeed true for values beyond aUntil and bUntil. 
When implemented in Microsoft Visual C++, the 
algorithm produces false results due to the limitations 
in precision. For example, false statements such as 
23 + 1528663 = 1528663 have output FALSE value 
for FLT. 

Therefore, to find a contradiction to Fermat’s 
conjecture (back when it was still a conjecture), better 
precision and computational power must be used. 
And even though FLT was riven in 1994, it is still an 
interesting algorithm to run.
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A Computational Insight to Fermat’s Last Theorem 
by Ahmad Al Attar (Simon Fraser University)

French mathematician, Pierre de Fermat, introduced his famous Fermat’s 
Last Theorem in 1637. This mathematical riddle gained the interest of many 
mathematicians ranging all the way from Euler to Wiles. In this article, 
we present a simple proof to verify the validity of the theorem and to 
showcase that, due to the precision of computational methods, the results of 
computations often are inconclusive. 

 
Ahmad Al Attar

In Maths, you can fight fire 
with fire. Face your fear of 
numbers with numbers. 
But don’t just jump into 
the deep sea. Just like 
1+1=2 and 2+2=4, build 
yourself towards infinity!
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Problem. Let m be a positive integer and consider 
the following one player game. Alice has 2m sheets 
of paper with a number written on each sheet. In 
every step, Alice performs the following operation.  
She chooses two arbitrary sheets. Assume that the 
numbers written on them are a and b. She erases these 
numbers, and writes a+ b on both sheets. Hence, the 
sum of all numbers increases by a+ b after such 
an operation.

Initially all sheets have number 1 written on them. 
Alice performs m2m1 many operations, and her 
goal is to minimize the sum of the final 2m numbers.  

What is the smallest sum she can get?

A general version of this problem, in which the 
number of sheets is an arbitrary integer (and not a 
power of 2), arose while working on a graph labelling 
problem, and was solved, using a longer argument, in 
the paper “On the Maximum Density of Graphs with 
UniquePath Labelings”, by A. Mehrabian, D. Mitsche, 
and P. Pralat, SIAM Journal on Discrete Mathematics 
(2013), 27(3), 12281233.

12 Down: A continent (not Europe) (6)
13 Across: To make louder (7)
17 Across: Animal with wings (4)
11 Down: Shorelines.  Moves easily without 

using power (6)
10 Across: Finds.  What Sherlock Holmes does (7)
8 Across: A stylish hat commonly associated with 

gangsters (6)
9 Down: Oktoberfest’s country of origin (7)
15 Down: Julius Caesar was assassinated on the 

___ of March (4)
2 Down: Problems.  Editions of a magazine (6)
4 Down: The Earth’s natural satellite (4)
7 Across: A bird’s house (4)
3 Across: Leave out (4)
16 Across: The opposite of fat (6)
19 Across: Moves about softly and carefully to 

avoid detection (6)
18 Across: A general term for a carbonated 

drink (4)

6 Down: Material made of interlacing fibres (7)
5 Down: Defrosted (6)
1 Across: Complain in an annoying manner (6)
14 Down: Not domestic (4)
1 Down: A grape based alcoholic drink (4)

Puzzle: The Adding Game
Abbas Mehrabian, (University of Waterloo)

Under the Rug
Tyrone Ghaswala (University of Waterloo)

The Distractions Page

 
Abbas Mehrabian

Bushwalking in a forest, hiking 
a mountain, jogging a lake 
trail, I love doing these; even 
more than doing Math! I am 
worried about the climate 
change, and I am joining 
the Global People’s Climate 
March on September 21st.

 
Tyrone Ghaswala

My biggest math fear is 
waking up in a nonorientable 
manifold. That and not being 
able to prove theorems, 
but mostly the former.

The Student Committee is accepting applications 
to fund student events across Canada. We sponsor 
regional conferences, student socials, seminars and 
other events. Visit http://studc.math.ca for more 
information and to find the application form.

Le comité étudiant accepte les demandes de 
financement pour des événements destinés aux 
étudiants et organisés à travers le Canada. Nous 
finançons les conférences régionales, les séminaires, les 
activités sociales et d’autres types d’événements. Visitez 
le http://studc.math.ca pour plus d’informations et 
pour obtenir le formulaire de demande. 11



You want to keep informed of the latest events and activities 
for math students? An easy solution: follow the CMS student 
committee in the social media. Search for CMS Studc on 
Facebook, Twitter and Google+.

Vous désirez demeurer au fait des tous derniers événements et 
activités destinés aux étudiants en mathématiques? Une solution 
facile: suivez le comité étudiant de la SMC sur les réseaux sociaux. 
Cherchez CMS Studc sur Facebook, Twitter et Google+.

© Canadian Mathematical Society 2014. All rights reserved.

Visit us at  
http://studc.math.ca

Notes from the Margin is a semi-annual publication produced 
by the Canadian Mathematical Society Student Committee 
(Studc). The Margin strives to publish mathematical content 
of interest to students, including research articles, profiles, 
opinions, editorials, letters, announcements, etc.  We invite 
submissions in both English and French. For further 
information, please visit studc.math.ca; otherwise, you can 
contact the Editor at student-editor@cms.math.ca. 

Notes from the Margin est une publication semi-annuelle produite par 
le comité étudiant de la Société mathématique du Canada (Studc). 
La revue tend à publier un contenu mathématique intéressant pour les 
étudiants tels que des articles de recherche, des profiles, des opinions, 
des éditoriaux, des lettres, des annonces, etc. Nous vous invitons 
à faire vos soumissions en anglais et en français. Pour de plus amples 
informations, veuillez visiter studc.math.ca; ou encore, vous pouvez 
contacter le rédacteur en chef à  student-editor@cms.math.ca.

The University of Alberta is hosting the 2015 Canadian 
Undergraduate Mathematics Conference from June 17  21.  Located 
in the heart of Alberta’s capital city, the conference will take place 
at both the main university campus and the French campus.  The 
theme will be collaboration and cooperation, between disciplines, 
peers, and universities.  As such not only will the beauty of pure 
mathematics be showcased, but the beauty in application through 
an exploration of the interdisciplinary nature of mathematics.  There 
will be a recruitment fair, roundtable discussions, and plenty of 
opportunities to socialize with other young mathematicians!

L’Université de L’Alberta est l’hôte du Congrès canadien des 
étudiants en mathématiques pour 2015, du 17 à 21 juin. Situé 
au cœur d’Edmonton, dans le quartier du ville le plus riche en 
culture et histoire, le congrès sera au campus principal et au 
campus francophone. La thème du congrès est la collaboration et 
la coopération entre disciplines, pairs, et universités. L’objectif n’est 
pas seulement de démontrer la beauté des mathématiques pures, 
mais en plus la beauté des applications des mathématiques par une 
exploration de l’aspect interdisciplinaire des mathématiques. Il y 
aura des opportunités pour le développement professionnel, une 
foire de recrutement, ainsi que plusieurs chances pour fréquenter 
des jeunes mathématiciens.


